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The summation of the small x corrections to hard scattering QCD amplitudes by collinear factorisation method
is reconsidered and the K-factor is derived in leading ln x approximation. The corresponding expression by Catani
and Hautmann (1994) has to be corrected. The significance of the correction is demonstrated in the examples of
structure function FL and of exclusive electroproduction.
1. Small x resummation
Semi-hard processes are characterized by two
essentially different large momentum scales, the
hard-scattering scale Q2 and the large c.m.s. en-
ergy squared s, x being the small ratio of the-
ses scales. The QCD calculation of the hard
processes involving the factorization of collinear
singularities has to be improved by including
the corrections enhanced by the large logarithm
of x. The results of the QCD Regge asymp-
totics [1] provide the basis for the resummation
of these large corrections. The method of fitting
the BFKL solution consistently into the collinear
factorization, called also kT factorization, has
been developed by M. Ciafaloni and collaborators
starting in 1990 [2–4].
The resummed small x corrections affect the
hard-scale evolution of the parton distributions
in terms of the anomalous dimension of two-gluon
composite operators and generate a K-factor that
can be viewed as an improvement of the coeffi-
cient function. Quite a number of papers is rely-
ing on this scheme in general and on the results
given in [3] in particular, e.g [7–12].
Small x resummation was of great importance
for physics at HERA and it will be even more
important for LHC physics. Motivated by this
and by the idea of extending the applications to
exclusive semi-hard production [13] we have re-
considered the small x resummation. We con-
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firm the known factorization scheme but disagree
with the expression for the K-factor given in [3]
and approved in [4]. Unlike the latter our ex-
pression has the angular momentum singularity of
the BFKL solution. In examples of the structure
function FL and vector meson electroproduction
we demonstrate the significance of the discrep-
ancy. Clearly, the K-factor has to be corrected
on the leading log level before advancing to the
next-to-leading log level.
1.1. Scheme of resummation
The amplitude of a hard scattering process cal-
culated in the collinear factorization scheme has
the structure of the convolution of the coefficient
function with the (generalized) parton distribu-
tion,
A = C
(0)
A ⊗GPD, (1)
where the hard-scale dependence of the GPD
is calculated from the DGLAP/ERBL equation
[5,6], summing the contributions enhanced by
logs of the hard scale Q2. At large energy squared
s or small x ≈ Q
2
s
the gluon contribution dom-
inates; the corresponding anomalous dimension
is denoted by γ
(0)
ω . In the calculation the par-
ton distribution is emerging formally from a bare
distribution by absorbing the factorized collinear
singularities.
At small x corrections enhanced by logs of x
have to be summed, improving both the coef-
ficient function and the evolution kernel. This
resummation is done relying on the BFKL ap-
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proach, where the considered amplitude is calcu-
lated from the convolution of the two reggeized-
gluon Green function g with impact factors Φ,
ABFKL = ΦA ⊗ g ⊗ ΦB. (2)
The consistent small x improvement of the
collinear factorization result (1) requires the iden-
tification of collinear singularities in the BFKL
amplitude and their factorization according to the
adopted scheme (e.g.MS). The corrections im-
prove the evolution kernel or the anomalous di-
mensions, γ
(0)
ω → γω, and result in a correction
factor Rω which appears as the improvement of
the coefficient function, CA(ω) = C
(0)
A (ω)Rω.
Actually there are no collinear singularities in
the BFKL amplitude (2) as long as the impact
factors refer to the scattering of colourless parti-
cles. It takes to replace ΦB by a partonic impact
factor in convolution with a (bare) parton dis-
tribution. The projection of this partonic impact
factor onto the channel isotropic in the azimuthal
angle is simply constant in transverse momentum
and its convolution with the BFKL Green func-
tion g results in the collinear singularities which
are factorized to all order of the strong coupling
constant into an universal (but renormalization
scheme dependent) transition function Γ, accord-
ing to
F (0) = g ⊗ Φpart = F · Γ, (3)
where the K-factor Rω appears in
F (ω, κ, µF ) = γω Rω
(
κ2
µ2F
)γω
(4)
and then improves the coefficient function as seen
above, whereas the transition function Γ will be
absorbed into the renormalized (generalized) par-
ton distribution.
1.2. BFKL and collinear singularities
Consider the BFKL equation in the forward
limit in 2 + 2ε dimensions,
ωg(ω,~κ,~κ0) = δ2+2ε(~κ−~κ0)+α¯SKˆ ·g(ω,~κ,~κ0)(5)
In one-loop approximation the operator Kˆ acts
as
Kˆ · g(~κ,~κ0) =
1
π
∫
d2+2εκ′
(2π)ε
< ~κ|Kˆ|~κ′ > g(~κ′, ~κ0),
where
< ~κ|Kˆ|~κ′ >=
1
(~κ− ~κ′)2
− δ(~κ− ~κ′)αg(κ), (6)
and the gluon trajectory reads
αg(κ) =
1
2
∫
d2+2εκ′′~κ2
~κ′′ 2(~κ− ~κ′′)2
. (7)
We have introduced α¯S =
g2NC
8pi2 . For simplicity
we restrict ourselves here to the exchange channel
n = 0 represented by functions invariant under
transverse rotations.
We calculate the action of the kernel on func-
tions that would be eigenfunctions at ε = 0.
Kˆ · (~κ2)γ−1 = λ(γ, ε)(~κ2)γ−1+ε, (8)
λ(γ, ε) =
1
(4π)ε
[
b(γ, ε)−
1
2
b(0, ε)
]
, (9)
b(γ, ε) = Γ−1(ε)B(ε, 1 − γ − ε) B(ε, γ + ε). (10)
The solution for the Green function in the n =
0 channel can be formulated using the quasi-
eigenvalues λ(γ, ε) and the operator of shifts in
γ by ε,
g0(κ, κ0) =
∫ i∞
−i∞
dγ
2πi
(κ2)γ (11)
×
1
ω − α¯S e−ε∂γλ(γ, ε)
(κ20)
−γ .
Now g0 is convoluted with the partonic impact
factor:
F (0)(ω, κ, ε) =
∫
d2+2εκ0
κ20
g0(κ, κ0, ε) Φ
part (12)
with Φpart = α¯S
µ2ε
Θ(µ2F − κ
2
0), µ being the dimen-
sional regularization scale. The singularity in the
integration over κ0 is regularized in the infrared
by ε with a positive real part and the cut-off at
the factorization scale µF is unavoidable to pre-
vent the divergence at large κ0.
F (0)(ω, κ, ε) = α¯S(
µ2F
µ2
)ε
∫
dγ
2πi
(
κ2
µ2F
)γ (13)
×
1
ω − α¯S
1
γ
λ1(γ, ε)e−ε∂γ
1
ε− γ
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The notation λ1(γ, ε) = γλ(γ − ε, ε) is intro-
duced. In order to understand how the asymp-
totics ε → 0 is extracted it is instructive to con-
sider first the case where λ1(γ, ε) is substituted
simply by 1, which corresponds to the double-log
approximation. The shift operator can be treated
easily after decomposition into geometric series
and this results without further approximations
in
F
(0)
d.l. =
α¯S
ω
(
µ2F
µ2
)ε(
κ2
µ2F
)γ
(0)
ω
(
exp(
1
ε
γ(0)ω )− 1
)
.(14)
In this crude approximation we obtain Rω = 1
and also no corrections to the anomalous dimen-
sion γ
(0)
ω . The case without the simplification in
λ1(γ, ε) gets closer to the considered one by the
substitution γ˜ = γ
λ1(γ,ε)
. We obtain
F (0)(ω, κ, ε) =
α¯S
ω
(
µ2F
µ2
)ε
∫
dγ˜
2πi
λ1(γ, ε)
1− γ˜λ′1(γ, ε)
×(
κ2
µF
)γ
1
γ˜ − γˆ
(0)
ω
γ˜
1
ε− γ
(15)
where we have defined the following operator
γˆ(0)ω =
α¯S
ω
e−ε∂γ . (16)
The factor arising by this change of integration
variable involves λ′1(γ, ε) = ∂γλ1(γ, ε) and it be-
comes the essential ingredient in the result for the
K-factor Rω. Now the operator ordering takes
more care and results in
F (0)(ω, κ, ε) =
α¯S
ω
1
1− γ
(0)
ω λ′1(γω , 0)
(
κ2
µ2F
)γω (17)
× exp
(
1
ε
∫ 1
0
dα
α
γω(γ
(0)
ω α, ε)
)
.
For simplicity we have absorbed the (µ2F /µ
2)ε
factor in α¯S , which is from now also hidden in
γ
(0)
ω =
α¯S
ω
. Note that this factor is in agreement
with the renormalization group requirement for
the coupling constant in a dimensional regular-
ization.
The gluon anomalous dimension γω(γ
(0)
ω , ε) with
corrections resummed is the solution of the equa-
tion
γω = γ
(0)
ω λ1(γω , ε). (18)
We expand the solution in ε,
γω(γ
(0)
ω , ε) = γω + ε γ
′
ω + ... (19)
From this equation we obtain γω by iteration as a
power series in γ
(0)
ω and we show the first terms of
the well known result of the all order expansion
of the BFKL anomalous dimension
γω = γ
(0)
ω + 2ζ(3)
(
γ(0)ω
)4
+ 2ζ(5)
(
γ(0)ω
)6
+ ... (20)
and also of its ε-correction term
γ′ω = 2ζ(3)
(
γ(0)ω
)3
− 3ζ(4)
(
γ(0)ω
)4
+ ... (21)
1.3. K-factor
We can now write the final result as
F (0)(ω, κ, ε) = F (ω, κ, µF ) Γ
(
γ(0)ω (
µ2F
µ2
)ε, ε
)
(22)
where
F (ω, κ, µF ) = γω Rω
(
κ2
µ2F
)γω
. (23)
We rewrite the preexponential factor of (17) in
terms of the standard notation χ(γ) = 2ψ(1) −
ψ(1 − γ) − ψ(γ) for the BFKL eigenvalue func-
tion (at ε = 0, n = 0) and its derivative. The
collinear singularities, appearing from the dimen-
sional regularization analysis as a series of pole
in 1/ε, are now factorized into the MS scheme
gluon transition function
Γ(γ(0)ω , ε) = exp
(
1
ε
∫ Sε
0
dα
α
γω(γ
(0)
ω α)
)
(24)
with the corresponding usual factor Sε =
exp{−ε[ψ(1) + ln 4π]}. In eq.(22), we have writ-
ten explicitly the factor (
µ2F
µ2
)ε in front of γ
(0)
ω to
make clear that F (0) is µF -independent, as we can
see from the previous expression of Γ. We obtain
the K-factor as
Rω(γ
(0)
ω ) =
1
−γ2ωχ
′(γω)
eL(γω), (25)
L(γω)=
1
2
∫ γω
0
dγ
2ψ′(1)− ψ′(1− γ)− ψ′(γ)
χ(γ)
+χ(γ).
In this form the result can be compared with the
one by Catani and Hautmann [3,4]. There the
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exponential factor is the same whereas the preex-
ponential one is the square root of ours. We plot
these K-factors as a function of γ in the physical
range [0, 1/2]:
0.0 0.1 0.2 0.3 0.4 0.5
Γ
2
4
6
8
10
RHΓL
Figure 1. K-factor R(γ), our result (solid) and
Catani-Hautmann’s result (dashed)
Our K-factor is clearly enhanced in compari-
son to the one of Catani-Hautmann, in particular
when going towards the saturation value of the
anomalous dimension.
With our preexponential the dependence on ω has
the square root branch point characteristic for the
BFKL solutions.
We have checked that the equation used in [3]
is equivalent to BFKL without modifications and
therefore the singularity structure of the solution
has to be the one of standard BFKL. The solu-
tion given primarily in that paper in terms of sum
can be shown to lead to our result. The discrep-
ancy is caused by restricting to a distinguished
anomalous dimension in solving BFKL equation.
In [4] the argument involves an incorrectness in
the analysis of the ε→ 0 asymptotics.
2. Structure function FL
As an application of the previous discussion, we
can write the factorized expression of the longitu-
dinal structure function FL in the Mellin space,
in agreement with [3]
FωL (Q
2) = CgL, ω(α¯S , Q
2/µ2F ) f
g
ω(µ
2
F ) , (26)
where fgω(µ
2) is the ω−moment of the renormal-
ized gluon distribution function and we have de-
fined the gluonic (improved) coefficient function
CgL, ω(α¯S , Q
2/µ2F ) = hL, ω (γω) Rω (Q
2/µ2F )
γω (27)
with the Mellin transform of the corresponding
hard cross-section
hL, ω(γω) =
α¯S
2 π
Nf TR
4 (1− γω)
3− 2γω
Γ3(1− γω)
Γ(2 − 2γω)
(28)
×
Γ3(1 + γω)
Γ(2 + 2γω)
.
Then we easily obtain from (25) and (20) the all
order perturbative expansion in power of γ
(0)
ω of
this coefficient function for the simpler case µ2F =
Q2
CgL, ω(α¯S , 1) =
α¯S
2π
TRNf
4
3
{
1−
1
3
γ(0)ω +
[
34
9
−ζ(2)
]
×
(
γ(0)ω
)2
+
[
1
3
ζ(2)−
40
27
+
14
3
ζ(3)
] (
γ(0)ω
)3
+
[
1216
81
−
34
9
ζ(2)−
20
9
ζ(3)− 6 ζ(4)
] (
γ(0)ω
)4
+ O
((
γ(0)ω
)5)}
(29)
≃
α¯S
2π
TRNf
4
3
{
1−0.33γ(0)ω +2.13
(
γ(0)ω
)2
+4.68
(
γ(0)ω
)3
− 0.37
(
γ(0)ω
)4
+O
((
γ(0)ω
)5)}
which has to be compared with eq.(5.24) of
Catani-Hautmann’s paper [3]. Indeed, the results
start to deviate at the fourth loop in the pertur-
bative expansion. The calculation made by Moch,
Vermaseren and Vogt [15] on the same coefficient
function derived by complete loop calculations
in pure collinear factorization scheme extends to
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three loops and is, therefore, still not sufficient to
discriminate the small x resummation results.
Going from (ω, γ) to the (x,Q2) space we can
now show the structure function FωL (Q
2) as a
function of x for different values of the hard scale
Q2. We simply used for the convolution with
the soft part the following parametrization of the
gluon PDF xg(x,Q20) at Q
2
0 = 30GeV
2 (cf. [15])
xg(x,Q20) = 1.6 x
−0.3 (1− x)4.5 (1− 0.6 x0.3)(30)
and we have made it evolve through the DGLAP
equation in the small x limit at the 1 loop accu-
racy to obtain itsQ2 dependance. We then obtain
the following curves.
10-5 10-4 10-3 10-2 10-1
x2
5
10
20
50
100
200
FL
Figure 2. FL, Q
2 = 30GeV 2
The solid curve corresponds to the Born term
in the high energy expansion, equivalently to the
leading order accuracy. The dotted curve con-
tains the Born term and the negative (see eq.(30))
next-to-leading order corrections, explaining the
trend. Then we do the expansion of the small
x resummation result in α¯S lnx up to 12th or-
der which is quite sufficient because of good con-
vergence. This allows to show the discrepancy
for these phenomenological predictions between
the two different K-factor expressions: the dashed
curve corresponds to our result and the dashed-
dotted one to the same analysis with the Catani-
Hautmann result. The convergence is very con-
vincing and it is increased with the value of the
10-5 10-4 10-3 10-2 10-1
x1
5
10
50
100
500
FL
Figure 3. FL, Q
2 = 10GeV 2
hard scale. All the curves are plotted with the
factorization scale µ2F = Q
2.
3. Exclusive electroproduction
We now turn to the application for exlusive vec-
tor meson (VM) electroproduction in Deeply Vir-
tual Compton Scattering (DVCS) following the
line of [13]: considering the gluon dominance in
the Regge limit of the scattering, the amplitude
reads
ImAg ≃ Hg(ξ, ξ) +
1∫
2ξ
dx
x
Hg(x, ξ) (31)
×
∑
n=1
CgVM,n
α¯ns
(n− 1)!
logn−1
x
ξ
,
where Hg(ξ, ξ) is the Born contribution of the
gluon GPD. The CgVM,n are polynomials of log
Q2
µ2
F
obtained as in the previous example in the per-
turbative expansion of the coefficient function in
power of γ
(0)
ω
CgVM,ω(α¯S , Q
2/µ2F ) = hVM,ω (γω) Rω (Q
2/µ2F )
γω
=
∑
n=0
CgVM,n(γ
(0)
ω )
n , (32)
with the following expression of the Mellin trans-
form hVM,ω of the hard cross-section: we define
for that the properly normalized impact factor
γ∗ → VM written as a convolution of the hard
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scattering amplitude with the leading twist non-
perturbative Distribution Amplitude (DA) [14],
where both photon and vector meson are longitu-
dinally polarized.
hVM (k
2
t ) =
1∫
0
dz
Q2
k 2t + z(1− z)Q
2
φVM (z) (33)
and its Mellin transform reads for an asymptotic
vector meson DA φVM (z) = 6z(1− z),
hVM,ω(γω) = γω
∞∫
0
dk 2t
k 2t
(
k 2t
Q2
)γω
hV (k
2
t )
=
Γ3[1 + γω]Γ[1− γω]
Γ[2 + 2γω]
. (34)
We replace in the high energy term the gluon
GPD by its forward limitHg(x, ξ)→ xg(x). Con-
trarily to the previous study for FL, we keep this
expression for the soft part without doing any Q2-
evolution. We replace the Born term by a very
simple model Hg(ξ, ξ) = 1.2ξg(ξ). We obtain the
following curves, in the same spirit as previously
by doing the high energy expansion.
10-5 10-4 10-3 10-2 10-1
x_B
1
2
5
10
20
50
100
Im A
Figure 4. VM electroproduction, Q2 = 30GeV 2
The solid curve corresponds to the Born term,
the dotted curve to the Born term with the NLO
corrections. Note that the numerical value of the
CgVM,1 coefficient is much larger than in the FL
case, giving these stronger and very negative NLO
corrections. This appears as an instability in the
perturbative prediction for this process. Here the
small x resummation is really needed to obtain
a reasonable and stable prediction [13]. After
twelve iterations we get the dashed curve cor-
responding to our result and the dashed-dotted
one corresponding to the same analysis with the
Catani-Hautmann K-factor. Also here the con-
vergence of the series expansion after twelve iter-
ations is very good. Although the curves are only
plotted here with the factorization scale µ2F = Q
2,
we observe that the factorization scale depen-
dence is reduced when taking into account the
high energy resummations compared to the Born
or even NLO case. We also note that the sensitiv-
ity of this choice is equivalent for both K-factor
expressions.
10-5 10-4 10-3 10-2 10-1
x_B
1
5
10
50
100
Im A
Figure 5. VM electroproduction, Q2 = 10GeV 2
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